As a new technique in ground improvement, geosynthetic-encased granular columns (GEGCs) have a promising application in soft foundation. Based on the generalized plane strain assumption and the elasticity theory, an elastic analytical solution to composite modulus for foundations improved by GEGCs is proposed. The composite modulus of the foundation resting on a rigid base is derived in detail. To validate the current analysis, a comparison with the solutions proposed by Zhang Y.P. et al. is carried out. It is showed that the solutions developed by Zhang Y.P. et al. confirm the presented solution for the cases of an unreinforced column or a reinforced column, respectively. The interaction of the granular column, the surrounding soil and the geosynthetic encasement is taken into account in the composite modulus of the foundation in this paper. Moreover, the settlement of the foundation is also obtained. The proposed solution may be a simple and useful tool for design without laborious analytical efforts.
INTRODUCTION
Granular columns have been more widely used as a cost and energy efficient, and environmental friendly method for soft soil treatment. Granular columns have been proven successful in soft soils with undrained shear strength of >15 kPa. However, bulging failure of the columns can occur due to a lack of lateral confinement. In that case, Van Impe and Silence (1986) suggested that the use of a geosynthetic to encase the column. The geosynthetic encasement plays a great role in increasing the stiffness of granular columns, preventing the loss of stones into the surrounding soft soil, preserving the drainage and frictional properties of the stone aggregates, etc., as described in several presented numerical and experimental studies (Raithel et al., 2002; Black et al., 2007; Wu and Hong, 2009; Gniel and Bouazza, 2009; Deb, et al., 2011) .
However, not so many analytical solutions have been developed for encased granular columns in the literature. Xu and Lu (1991) used a method to calculate the settlement using the stress-strain relationship obtained from triaxial tests of GEGCs. Raithel and Kempfert (2000) developed numerical and analytical calculation models for calculation and design of the geotextile coated sand columns foundation system. Wu et al. (2009) adopted the Duncan and Chang model to describe the mechanical characteristics of the granular materials and establish the analytical procedures to investigate the axial stress-strain response of GEGCs. An analytical solution of the equivalent deformation modulus and equivalent Poisson's ratio for composite foundation on the stage of elastic deformation was derived by ; in another paper written by , they proposed a theoretical elastic solution of stresses and displacements of a composite foundation with GEGCs. Based on the "unit cell" concept, Castro and Sagaseta (2011) proposed analytical solutions to study the total settlements on the top of geosynthetic-encased granular columns.
From the information mentioned above, it is found that few analytical solutions have been established to investigate composite modulus for foundation improved by GEGCs. Although provided an analytical solution to the equivalent deformation modulus, only the case of an unreinforced column was taken into account in the solution. In this paper, based on the generalized plane strain assumption and the elasticity theory, an elastic analytical solution to composite modulus for a GEGC composite foundation is presented through adopting the unit cell model. By comparing the presented solution with those of , it is found that the current results are consistent with theirs in the cases of an unreinforced column or a reinforced column. The axial symmetrical unit cell model composed of column, geosynthetics and surrounding soil is shown in Fig. 1 . The computational model has a height H, the column with a radius 2a, the surrounding soil with a radius 2b, and a uniform load of p acts on the smooth rigid plate over the unit cell. In order to obtain the analytical solution to the composite modulus (E com ) of the unit cell model, besides the "unit cell" concept the following assumptions are made to simplify the problem:
THEORETICAL MODEL DEVELOPMENT

Unit cell model
1. The stone column is assumed to rest on a hard stratum, and then the settlement of the bearing stratum is ignored.
2. The equal strain hypothesis is satisfied, i.e., the horizontal sections remain horizontal during deformation.
3. The granular column, surrounding soil and geosynthetic material are assumed to behave as elastic materials and to be homogeneous. E c and E s are the Young's modulus of the column and soil, and  c and  s are the Poisson's ratios of the granular column and soil, respectively. The geosynthetic has stiffness J, and its thickness is  4. For the unit cell model, when subjected to a uniform pressure (p), the unit has a uniform longitudinal compressive strain ( z ).
5. Compressive stresses and deformations are taken as positive. Using a cylindrical coordinate system (z), for the generalized plane strain problem, the stress function is introduced, and the stress component is expressed as
where     and  (  ) are the radial stress, hoop stress and shear stress, respectively. The stress component should not only satisfy the stress equilibrium equation but also satisfy the compatibility equation in the cylindrical coordinates system (z), and it is written as
From Equation 1 and 2, the general solution of the stress function can be written as:
[3] where coefficients A, B, C and D are to be determined.
Substituting Equation 3 into Equation 1 gives
[4c] For the axisymmetric problem, according to the condition of single-valued displacement in elasticity, the value of coefficient B is 0. Equation 4 is simplified as
The corresponding stress-strain equations are
where      z and  z are the radial strain, hoop strain, axial strain and shear strain, respectively; E is Young's elastic modulus; and is Poisson's ratio. 2.2 Analysis of the surrounding soil The unit cell model consists of surrounding soil, the granular column and geosynthetic material. According to Equation 5, the stress components of the surrounding soil can be written as
where 's' represents the surrounding soil. Coefficients A 1 and B 1 are to be determined.
Analysis of the granular column According to Equation 5
, the stress components of the granular column can be rewritten as
where the subscript 'c' represents the column. Coefficients C 1 and D 1 are to be determined. Since the stress at the center of the granular column is limited, that is, the value is not infinite, it leads to D 1 =0. Equation 8 can be expressed as
Figure 2. Schematic of relation between between  c and  s 
Analysis of the geosynthetic encasement
As a granular column is compressed vertically it also undergoes radial or lateral deformation. This lateral deformation causes the geosynthetic encasement to stretch and develop circumferential tensile stress (hoop stress). Assuming that the geosynthetic behaves as a linear-elastic material, the radial stress (Fig. 2) that the geosynthetic exerts on the column can be expressed as
where the subscript 'J' represents the geosynthetic encasement; u c (=a) is the radial displacement of the granular column when =a. Because u c (=a) is much less than a, it can be neglected in the denominator of Equation 10 We can also obtain
where  J is hoop strain of the geosynthetic encasement; T J is the circumferential tensile force per unit length of the encasing sleeve. 2.5 Expressions for stresses and strain Coefficients A 1 , B 1 and C 1 are obtained by the following boundary conditions and the continuity conditions:
1. As shown in Fig. 2 , applying the continuity conditions of radial displacement and radial stress at the interface of the column and the soil, when =a, u c (=a)=u s (=a), and  c = s+  J , where u s (=a) is the radial displacement of the surrounding soil when =a. 
where =a 2 /b 2 is the area replacement ratio; K c = E c /2(1- c -2 c 2 ), K s = E s /2(1- s -2 s 2 ) and G s = E s /2(1+ s ). The stresses of the column and the surrounding soil can be obtained by substituting Equations 15-17 into Equations 7 and 9, to give
where  z =E com  z . 
It can be seen from Equation 25, the composite modulus (E com ) of foundation is composed of four parts: 1) the first part provided by the granular column; 2) the second part provided by the surrounding soil; 3) the third part provided by the geosynthetic encasement; 4) the last part provided by the interaction of the granular column, the surrounding soil and the geosynthetic encasement.
The settlement of foundation is easily obtained as
VALIDATION OF THE SOLUTIONS
To validate the proposed solution, a comparison with the solution presented by 
In Equation 27, K c , K s , and G s in Zhang's solution are the same as those of this paper. It can be found that their solution is a special case (J=0) for Equation 25. Indeed, the solution developed by Zhang et al. reflects the case with ordinary granular columns (OGCs, i.e., without encasement). In another paper written by , the load-settlement curve of the foundations with GEGCs was obtained by elastic analysis. A comparison with the solution proposed by Zhang Y.P et al. (2011) on the load-settlement curves of the foundations with GEGCs (J≠0) is shown in Fig. 3 . The model parameters in the analysis are shown in Table 1 , which is quoted in the paper written by . We can infer that the present result agrees well with theirs. Although the results are very consistent, comparing with the solution by Zhang Y.P et al. (2011) , the present paper provides a new analytical solution to composite modulus for foundations improved by GEGCs. Present result of GEGCs Result of GEGCs 
CONCLUSIONS
On the basis of the generalized plane strain assumption and the elasticity theory, an exact analytical solution to composite modulus for foundations improved by GEGCs is proposed. This solution is derived from an elastic model, and is applicable when the materials are in the elastic state. It is shown that the solutions provided by Zhang Y.P. et al. (2011) reflect the cases of an unreinforced column or a reinforced column presented in this study. The interaction of the granular column, the surrounding soil and the geosynthetic encasement is taken into account in the composite modulus of the foundation in this paper. The results from this paper may be used to calculate the settlement of composite foundation improved by GEGCs.
